In this research, we develop a guaranteed option hedge system to protect against capital market risks using a genetic algorithm (GA). We test the hedge effectiveness of our guaranteed option hedge strategy by comparing the performance of our system with those of other strategies. A genetic algorithm heuristic trading method for the optimization of a non-linear problem is applied to each system to improve the hedge effectiveness. The GA dynamic hedge system developed in this research is found to improve hedge effectiveness by reducing the option value volatility and increasing the total profit. Insurance companies are able to make more efficient investment strategies by using our guaranteed option hedge system. It contributes to the investment efficiency of the insurance companies and helps to achieve efficiency for financial markets. In addition, it helps to achieve sustained economic benefits to policyholders. In this sense, the system developed in this paper plays a role in sustaining economic growth.
Introduction
Variable annuity is an insurance policy with an investment component. Some portions of the premium paid by the policyholder are invested in funds, and the benefit to the policyholder varies depending on the investment outcomes. Most variable annuity is issued with a minimum guaranteed option to protect the policyholder in cases of fund losses. Due to the global financial crisis of 2007, many insurance companies that handle variable annuity have suffered from huge losses in imbedded guaranteed options. This change was due to the significant decrease in share prices and increase in the interest rate, resulting in profit loss for funds that invest in stocks and bonds as underlying assets. However, some insurance companies with hedge systems were able to reduce or prevent losses during the crisis via hedge trading. Thus, many investment managers advise that hedging is an essential strategy to protect a portfolio from an unexpected market decline. Previous studies on hedging strategies for insurance management include hedging the guaranteed options embedded in guaranteed minimum benefits [1, 2] , hedging the guaranteed options under jumps and volatility risk [3] , hedging single premium segregated fund contracts [4] , and hedging strategies for unit-linked life insurance contracts [5] .
Among the insurance companies that have established a hedge system, some companies have been successful with hedging, and some have failed, even though they have executed their hedge strategy [2, 3, 5] . To our knowledge, two important factors to consider for a successful hedge are the costs and risks: the transaction costs and costs of managing and monitoring the hedge position, and the risks of imperfect hedges resulting from sub-optimal hedge ratios, specification risks, basis risk, and volatility risk. Insurance companies should evaluate the impact of these costs and risks on investment profits and determine a strategy that maximizes the effectiveness of the hedge.
The purpose of this study is to develop a guaranteed option hedge system against capital market risks using a genetic algorithm (GA) and to test the effectiveness of the hedge strategy [6] [7] [8] . We apply a GA heuristic trading method for the optimization of a non-linear problem in each system to improve the hedge effectiveness. We compare the results from our hedge strategy with those from other strategies [9] . For an empirical study, we use variable annuity with a guaranteed lifetime withdrawal benefit (GLWB) contract and generate the cash flow of the contract using Monte Carlo simulation [10] . We estimate the delta and rho hedge ratios using the GA hedge strategy, non-GA hedge strategy, and no hedge strategy and compare the performance of the portfolio for these three strategies. Our empirical results show that the GA dynamic hedge system developed in this study improves hedge effectiveness by reducing the option value volatility and increasing the total profit. A number of models or techniques have been developed for effective risk hedging against financial market risks. An effective risk hedging strategy helps investors to achieve efficient investments as well as achieving efficient financial markets, which is well known to play an important role in sustaining economic growth. Insurance companies are able to make more efficient investment strategies by using our guaranteed option hedge system. It contributes to the investment efficiency of the insurance companies and helps to achieve efficient financial markets. In addition, it helps to achieve sustained economic benefits to policyholders. In this sense, the system developed in this paper plays a role in sustaining economic growth.
The rest of the study is organized as follows. Section 2 describes variable annuity, guaranteed options, and hedge effectiveness. Section 3 is devoted to dynamic hedge system construction based on the GA. Section 4 tests the GA-dynamic hedge system using empirical data, and concluding remarks are presented in Section 5.
Description of Variable Annuity, Guaranteed Options, and Hedge Effectiveness

Variable Annuity
Variable annuity or variable universal life insurance (VUL) is a type of life insurance that builds a cash value from separate accounts comprised of various instruments and investment funds, such as stocks, bonds, equity funds, money market funds, and bond funds. In variable annuity, the choice of the instruments and investment funds used for the separate accounts is entirely up to the contract owner. The 'variable' component in the name refers to a variable outcome in separate accounts whose values depend on the market conditions. The 'universal' component in the name refers to the flexibility the owner has in making the premium payments. The premiums can vary from nothing in a given month up to a maximum defined by the internal revenue code for the insurance. This flexibility of premium payments is in contrast to the fixed premium payments of whole life insurance.
Variable annuity is a type of permanent life insurance because the death benefit will be paid when the insured party dies. Most variable annuities have no endowment age (the age when the cash value equals the death benefit amount, which is typically 100 for whole life insurance) with a continually increasing death benefit, which is an advantage of variable annuity over whole life insurance. With a typical whole life insurance policy, the death benefit is limited to the face amount specified in the policy. In addition, if the separate accounts of variable annuity outperform the general accounts of the insurance company, variable annuity can generate a higher return than whole life insurance, which generates a fixed return. Therefore, a variable annuity policy can provide a higher value than a whole life insurance policy to the owner or beneficiary who pays the same amount.
Guaranteed Option
Insurance companies often include very long-term guaranteed options in their products, which, in some circumstances, could turn out to be very valuable. Historically, these options, which are issued deeply out of the money, have been viewed by some insurers as having a negligible value [11] [12] [13] [14] . However, a long-term guaranteed option with a term of 30 to 40 years has played an important role because insurance products have faced significant fluctuations in economic variables. The guaranteed options have been found to have a significant role in risk management for several insurance companies. Bolton et al. [15] described the origin and nature of these guarantees. They discussed the factors that have caused the importance of guaranteed options to increase dramatically in recent years. These factors include a decline in long-term interest rates and an increase in the mortality of various assets.
Variable annuity with a GLWB option allows the policyholder to withdraw a certain percentage of the single premium annually and offers a lifelong guarantee. Even if the fund value drops to zero, the insured can annually request a portion of the premium paid while he/she is alive. The maximum amount to be withdrawn is specified, but the total amount is not limited. Any remaining account fund at the time of the insured party's death is paid to the beneficiary as a death benefit. The insurer charges a fee for this guarantee, which is usually a pre-specified annual percentage of the account value [16] .
Methods of Testing Hedge Effectiveness
Hedge effectiveness is an indicator that evaluates how efficient the hedging instruments are in protecting the fair value of a hedged asset. In particular, in cases where effectiveness is acknowledged in terms of accounting, objective criteria for effectiveness metrics are defined preliminarily, and differential acknowledgments are given according to the measured results. To evaluate different aspects of hedge effectiveness, various methodologies have been studied, including the following methods.
The dollar-offset method
The dollar-offset method, which has some historical significance in the accounting profession [17] , compares changes in the fair value or cash flow of the hedged item and the derivative used for the hedge. The method can be applied either period-by-period or cumulatively. For a perfect hedge, the change in the value of the derivative exactly offsets the change in the value of the hedged item, and the negative of their ratio is 1.00, as shown in Equation (1).
where n i=1 X i is the cumulative sum of the periodic changes in the value of the derivative and n i=1 Y i is the cumulative sum of the periodic changes in the value of the hedged item. The minus sign in front of the ratio adjusts for the numerator and denominator being opposite in sign in a hedging relationship.
Of course, perfection is not necessary to qualify for hedge accounting. In a speech at the Securities and Exchanges Commission (SEC)'s 1995 Annual Accounting Conference, a member of the SEC's Office of the Chief Accountant articulated an 80/125 standard for hedge effectiveness as measured by the dollar-offset method [18] . This became a guideline for assessing the hedge effectiveness of futures contracts under the Statement of Financial Accounting Standards (SFAS) 80, and it carried over to testing the effectiveness of hedges under SFAS 133. The 80/125 standard requires that the derivative's change in value offset at least 80% and not more than 125% of the change in value of the hedged item. The formal expression of the test is presented in Equation (2).
Anyone who chooses to use this test should be aware that some researchers question its reliability [5, [19] [20] [21] . The essential problem is that this ratio test is very sensitive to small changes in the value of the hedged item or the derivative.
Variability-Reduction Method
The variable reduction (VR) method assumes that the size of the risk-minimizing derivative is equal to that of the hedged item and that the position is opposite that of the hedged item. We call this method the one-to-one hedge. The variability-reduction method is closely related to the regression method, which allows a more effective hedge based on a statistical estimate of the risk-minimizing hedge ratio.
If a one-to-one hedge performs perfectly, the change in the value of the derivative exactly offsets the change in the value of the hedged item, i.e., X i + Y i = 0 where X i is the change in the value of the derivative at time i and Y i is a change in the value of the hedged item at time i. The variability reduction method compares the variability of the fair value or cash flow of the hedged (combined) position consisting of the hedged item and the derivative for the hedged item. This method places a greater weight on the larger deviations than the smaller ones by using the squared changes in value to measure ineffectiveness. The test statistic for this method is presented in Equation (3).
We use the mean-squared deviation from zero rather than the variance in (3) because the variance ignores certain types of ineffectiveness. For example, suppose that the change in the value of the hedged position is always −$0.20, i.e., D i = X i + Y i = −$0.20 for every i, which implies that the offset is not perfect. If we use the variance of D i in the numerator, the test statistic is 1.0, implying a perfect hedge because D i = −$0.20 in every period and the calculated variance is zero. Lipe [22] suggests the standard critical value of the VR of hedge effectiveness is 80%.
Regression Method
The regression method measures hedge effectiveness based on the adjusted R 2 produced by a regression model in which the change in the value of the hedged item (Y i ) is the dependent variable and the change in the value of the derivative (X i ) is the independent variable.
whereâ is the estimated intercept term,b is the estimated slope coefficient, and e i is the error term. Ederington [23] shows that the estimated slope coefficient is the variance-minimizing hedge ratio. Given our definitions of X and Y, the slope of this Regression (4) should be negative and close to −1.0 for a perfect hedge. In terms of the hedge effectiveness test, a hedge ratio of the regression slope coefficient (b) is found to be highly effective if the adjusted R 2 is greater than 80% [22] .
Proposed Model: GA Dynamic Hedge System
In this section, the GA-dynamic guaranteed option hedge system procedure is described. Our hedge system consists of three phases: a data module construction, a valuation module construction, and an optimizing hedge ratio. The overall structure of the GA-dynamic hedge system is presented in Figure 1 . 
Phase 1: Data Module Construction
In this phase, a complete data module consists of an inforce data module and a market data module. The inforce data module has two parts: the model point and validation/filtering parts. The model point part includes the actuarial information such as the age, gender, insurance fee, and premium payment period. The validation/filtering part includes the information related to data error validation, and this part is synchronized with the SQL server. During this process, the logical flaws in the actuarial information are searched for, and they are modified when found. The market data module is classified into three parts: the swap, KOSPI200, and fund AV (account value) parts. The swap data include the daily closing price of the Korean Won (KRW) on-shore interest rate swap, which is an agreement between two counterparties to exchange cash flows (fixed vs. floating) of the same currency using the Bloomberg terminal. The KOSPI200 data include the daily closing price of the KOSPI200 index, and the fund AV of each contract is extracted at this part. The data module construction process is shown in Figure 2 . 
Phase 2: The Valuation Module Construction
The valuation module includes various factors for hedge trading, such as the option value, delta, and rho. The option value is the present value (PV) of the guaranteed option, and it is calculated by subtracting the PV of the premium from the PV of the claim. The delta indicates the sensitivity of the option value to stock prices. In other words, the delta is the ratio of the change in the option value to the change in the price of the KOSPI200 index. For example, a delta of 0.7 indicates that for every 1% increase in the KOSPI200 index, the option value will increase by 0.7%. The rho represents the sensitivity of the option value to interest rates. The valuation module construction process is displayed in Figure 3 . 
Phase 3: Optimizing the Hedge Ratio
In this phase, the optimized hedge ratio is estimated by a GA. The hedge ratio is the value of the position of the hedged assets relative to the value of the entire position, and shows how the assets are exposed to risk. In this study, a GA is used to optimize the hedge ratio for variable annuity. The hedge ratio set of each contract is treated as a chromosome which encodes a binary string, and the maximization of the profit from the hedge position is used as an objective function. Each hedge ratio is a gene in a chromosome, and only the chromosomes which are in the top 10% of fitness are survived. Among the other 90% of chromosomes, random selection and single point crossover techniques are used. After the crossover process, some genes of the chromosomes are mutated to random genes based on a mutation rate. Finally, the next generation is composed with the highest 10% of the chromosomes of the previous generation and the chromosomes from selection, crossover, and mutation. The GA stops when the fitness value has not improved by at least 0.01% during the last 2000 trials. In this paper, a GA is used to determine an appropriate hedge ratio with a population size, crossover rate, and mutation rate of 2000, 0.5, and 0.06, respectively. The larger the population and generation, the more likely it is to obtain a globally optimized solution, but the level of complexity increases exponentially in finding an optimal hedge ratio. Therefore, the empirical analysis is usually carried out using a reasonable stopping condition in the process of finding an optimal solution.
In this study, we employ two hedge ratios, that is, the delta hedge ratio and the rho hedge ratio. To optimize the hedge ratio, the profit from the hedge position is set as the fitness function (or objective function) of the GA as follows:
where H t = D t + R t , H t is the profit of the hedge trading at time t, D t is the profit from delta hedge trading, R t is the profit from rho hedge trading, and GO i is the guaranteed option value at time t. The delta and rho hedge ratios are used as investment weights on the KOSPI200 futures and Korea bond 10-year futures, respectively. We apply a genetic algorithm heuristic trading method for the optimization of a non-linear problem for each system to improve the hedge effectiveness. The hedge ratio optimization process is shown in Figure 4 . 
The Empirical Study
The Simulation Study
The valuation and hedging of the various provisions embedded in VUL contracts is a challenging exercise because the involved options are long-term, path-dependent, and complex. Investors can be modelled as facing a non-trivial optimal stochastic impulse control problem when determining their withdrawal strategies for GLWB contracts. A variety of contractual features, as well as some alternative assumptions about the policyholder's behavior, should be considered. In this study, geometric Brownian motion (GBM) is used as the stochastic setting, and Monte Carlo methods are used to show the effects of a variety of contractual provisions, assuming that the policyholder follows a particular strategy, such as making no withdrawals during a specified number of years.
Risk Neutral Simulation
For the simulation, we assume a risk-neutral world with the following methodological conditions. First, we assume that the expected return of the selected fund is equal to each asset scenario's return. We use the KOSPI200 index for the equity return and the 3-year Korean government bond for the bond return in this study. Second, the expected payoff is calculated from the product structure at maturity. Finally, we discount the expected payoff at the risk-free rate to obtain the present value of the guaranteed option. The risk-free rate is defined as the market value at each valuation time.
The Scenario Model
We assume that the process of the underlying asset in a risk-neutral world is as follows:
where dz is a Wiener process, S is the price of asset, µ is the expected return in a risk-neutral world, and σ is the volatility of the underlying asset. To simulate the path followed by S, we can divide the life of the asset into N short intervals of length ∆t; the approximation of (6) is presented in Equation (7).
A log-normal model is applied to generate the asset return scenario. To incorporate the cash flow from the asset, the discrete version of S is used as follows:
This model is applied to the equity and bond fund return scenarios. The parameter is derived from the 75th percentiles of the annualized moving standard deviation of the KOSPI200 index and the moving standard deviation of the 3-year Korean government bond index from 10-years of historical data.
Product Specification
In this study, we focus exclusively on GLWBs. We construct a general GLWB single product that guarantees a lifetime withdrawal benefit. A variable annuity with a GLWB has become the most popular form of annuity, as retirees seek income protection and equity market participation. The holder of the contract is allowed to withdraw a specified percentage of the guaranteed base benefit each year of the insured's life, even if the actual account value decreases to zero due to the annual guaranteed withdrawal or market declines. The base benefit is typically set to the contract value at the time the VUL is purchased and is generally reset at varying intervals, usually each year, based on the performance of the underlying portfolios. The guarantees provided by a GLWB can provide confidence to the insured that they will have a guaranteed income for life, regardless of how long they live or what direction the market takes.
Empirical Study with the GA-Dynamic Hedge System
Experimental Setting
In this study, a Monte Carlo simulation is performed using 1000 scenarios based on the daily data of 2000 variable annuity contracts. The experimental period is from 2 May 2011 to 30 September 2013. The option price and the delta and rho option sensitivities are used for trading.
Assumptions for the Empirical Study
According to the main assumption of a risk neutral world, the option price is equal to the expected value of the payoff with respect to a risk-neutral probability measure. Moreover, the option can be theoretically replicated by the underlying assets with dynamic hedging. The number of shares of the underlying asset held in a dynamic hedging strategy is determined using the sensitivities (delta and rho) of the option value to the underlying asset.
As an insurance company can diversify away its mortality risk by selling enough policies, we assume that the mortality risk can be diversified away. Moller [5] investigates the pricing and hedging of insurance contracts under mortality risk. We assume that the account value that determines the benefit level is linked to a market index, such as the KOSPI200 and 3-year Korean government bonds. The product used consists of three local funds, and they are selected from policyholders with a range from 0% to 100%. Table 1 shows the information for the three funds. 
Experimental Results
Delta measures the sensitivity of the option value to the underlying asset. The risk associated with GLWB products due to equity movement is measured by delta for the KOSPI200 index futures. Rho measures the sensitivity of an option value to a change in the interest rate. The risk associated with GLWB products due to interest rate movement is measured by rho with respect to 10-year on-shore interest rate swaps (IRS). The Korean government bond (KGB) futures with a 10-year maturity can be used together with the 10-year IRS if the liquidity of the 10-year KGB futures is high and the transaction cost is lower than that of the10-year IRS. For hedge trading, we calculate the delta and rho hedge ratio using Bloomberg terminal. For the GA hedge method, Table 2 reports the values of the delta hedge positions in KRW with the option values across a wide range of percentage changes in the KOSPI 200 index futures, and Table 3 reports the values of the rho hedge positions in KRW with the option values across a range of percentage changes in the 10-year IRS. We also conducted the same experiment using the non-GA hedge method to compare the hedge effectiveness of the GA and non-GA hedge methods. For the non-GA method, the numbers of delta and rho hedge contracts are obtained using the GLWB delta and rho values, respectively. The delta of a GLWB is the ratio of the changes in GLWB value to the changes in the KOSPI200 index futures value, and the rho of a GLWB is the ratio of the changes in the GLWB value to the changes in the 10-year IRS value. Table 4 shows the hedge effectiveness of the non-GA and GA hedge strategies measured by the dollar-offset, variability-reduction, and regression methods. The effectiveness measurement of the dollar-offset and variability reduction shows slight increase in effectiveness of the GA hedge strategy by 0.32% and 0.69%, respectively. According to the regression method, the effectiveness of the GA hedge strategy is found to increase significantly, i.e., by 4.22%. Therefore, the three measurements of hedge effectiveness show that the hedge effectiveness of the GA hedge strategy is superior to that of the non-GA hedge strategy. Table 4 . Hedge effectiveness of the Non-GA and GA hedge strategies. In addition, we compare the performance of the GA hedge strategy, non-GA hedge strategy, and no hedge strategy. Table 5 reports the increase in the option value, profit by the hedge strategy, and volatility of the option value generated by the three strategies and shows the superiority of the GA hedge strategy. In the case of the no hedge strategy scenario, the guaranteed option value increased by 11,031.9 thousand KRW during the sample period. Alternatively, the non-GA and GA strategies generated gross profits of 685.5 thousand KRW and 1421.9 thousand KRW, respectively, which indicates successful hedging by the GA strategy. Moreover, the daily option value volatility decreased from 6035.3 thousand KRW without a hedge strategy to 858.8 thousand KRW with the GA hedge strategy. 
Dollar Offset Variability Reduction Regression
Concluding Remarks
Hedging the options embedded in the guaranteed minimum benefits of variable annuity is difficult because it requires real-time analysis of massive amounts of long-term maturity contract data. Indeed, an insurance company must handle hundreds of thousands of guaranteed option valuations in a short period of time for a dynamic hedge. The Black-Sholes formula, which is widely used to value options, cannot reflect the complex structure of the actuarial cash flow.
The entire series of the cash flows from the variable annuity contract was produced through a Monte Carlo simulation to develop a dynamic hedge system. This study developed a dynamic hedge system that uses an inforce data module to build the contract data and verify the data errors, a market data module that processes the real-time market data, a valuation module that produces the guaranteed option price for each contract, the option variables through a sensitivity test, and a trading module that produces the trading position by matching the delta and rho values to the sensitivity of the derivatives. For a high-speed operation, the valuation module is realized with a high-performance computing (HPC) system to maximize the efficiency of data production.
The empirical results show that the hedge effectiveness of the GA hedge strategy is superior to that of the non-GA hedge strategy. The increase in the effectiveness of the GA hedge strategy measured by the dollar-offset, variability-reduction, and regression methods is 0.32%, 0.69%, and 4.22%, respectively. It is also found that compared to the no hedge strategy, the non-GA and GA strategies generated gross profits of 685.5 thousand KRW and 1421.9 thousand KRW, respectively. Moreover, the daily option value volatility decreased from 6035.3 thousand KRW without a hedge strategy to 858.8 thousand KRW with the GA hedge strategy.
The main goal of hedging is to achieve perfect hedge effectiveness, which is an indicator of how well the hedge asset compensates the hedge subject. In this study, a GA is proposed to resolve the difficulties in finding the proper hedge ratios for the delta and rho hedges, and the algorithm performance is evaluated against that of other rule-based trading methods. The GA dynamic hedge system developed in this paper is found to improve hedge effectiveness by reducing the option value volatility and increasing the total profit.
This study has potential limitations. The model developed in this paper is based on Korean variable annuity contracts that hold portfolio of securities in Korean markets during the sample period. As such, the empirical results are limited to Korean market data traded in a specific time period. Based on our model, a future research can be enriched by developing a model that can be utilized for other variable annuity contracts containing various types of financial assets in a global market. 
